Introduction. Recently Anantharaman-Delaroche
[1], [2] investigated the existence of a conditional expectation of a IF*-crossed product W*(G, M, a) onto a IF*-crossed product W*(G, N, a) under appropriate conditions, where A7 is a von Neumann subalgebra of a von Neumann algebra M.
In this paper corresponding results for C*-crossed products are studied and analogous results are obtained. In particular, if a C*-algebra A is unital and G is amenable, then the existence of a conditional expectation of C*(G, A, a) onto C*(G) is shown. Let B be a C*-subalgebra of A. A bounded linear map P: A -» B is called a conditional expectation if P has the following properties (cf. Umegaki [19] ):
(i) P is an onto projection of norm one, that is, P2 = P and ||F|| = 1; (ii) P is positive, that is, for any x E A, P(x*x) > 0; (iii) for any x E A,y,z E B, P(yxz) = yP(x)z; (iv) for any x E A, P(x*)P(x) < P(x*x).
If P: A -* B is a conditional expectation, then, by (ii), P(x*) = P(x)* for each x E A. Tomiyama [18] proved that if P: A -» B is an onto projection of norm one (that is P satisfies condition (i)), then P becomes a conditional expectation (cf. Takesaki [17, Theorem III.3.4] ). In fact, in this case P satisfies conditions (ii) and (iv) above and (iii)' P(xy) = P(x)y and P(yx) = yP(x) for every x E A,y E B.
Proposition 2.2. Let P: A -^ B be a conditional expectation. Then, for any positive integer n and any xx, . . . , x" E A, the n X n matrix M = [P(x?x/) -P(x*)P(x/)] of MJB) is positive.
Proof. For each_y,, .. . ,yn E B, x =» £/ x¡y¡ is in A. By condition (iv) we have P(x*)P(x) < P(x*x); hence 2 y*P(xr)P(xj)yj < 2 yrP(x*Xj)yj.
•J ¡J By Lemma 2.1, the matrix M = [P( *,**,) -P(x?)P(xJ\ is positive in MJB).
Corollary 2.3 (Nakamura, Takesaki and Umegaki [9] , cf. St0rmer [14, 
]). C*(G) is nothing but
C*(G, C, <Xq), where C is the complex numbers and aQ: G-> Aut(C) is the unique trivial homomorphism. Now let P be a conditional expectation of A onto a C*-subalgebra B of A. Assume that a,P = Pa, for every / E G. Then for each t E G, a,(B) c B, hence a, may also be considered as a *-automorphism of B.
Proposition 3.1. Let (A, G, a) be a C-dynamical system, B be a C*-subalgebra of A, and P be a conditional expectation of A onto B. Suppose that for any t E G, a,P = Pa,. Then C*(G, B, a) is a C*-subalgebra of C*(G, A, a).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use corresponding to <b by Pedersen [11, 7.6.7, 7.6.8] . Then ||$|| = \\<H.e)\\ = ||iM»ll = ||*|| < 1, where e is the identity of G (cf. Pedersen [11, 7.6.7] ), and *(y*y) = / <(y*y)(t), <i>(0> * -/ <(y*y)(t), <K0> dt = *(y*y).
This implies that ||^||Ä < H^l^. Therefore, ||>>||B = l^l^ for any y E L\G, B), < ff <ai-(P(x(5)*x(0)), *(*-•/)> dm,(s) dm,(t) and, in the limit, ff (as->(P(x(s)*)P(x(t))), xp(s-xt)) ds dt < ff (as-,(P(x(s)*x(t))), xp(s-xt)) ds dt.
We have *(ß(x)*ß(x)) < $(x*x). Since K(G, A) is dense in LX(G, A), the above inequality holds for any x E Ll(G, A). This implies that ||ß(x)|| < ||x|| for every x G Ll(G, A), and Q extends to a conditional expectation of C*(G,A, a) onto C*(G, B, a).
Let <f> be a state of A. If (a,(a), </>> = {a, <f>> for any a E A, t E G, then <p is said Proof. Let 1 be the identity of A and identify C with Cl. Let <b be an a-invariant state of A. Define P: A -> Cl by P(a) = <i>(a)l (a E A). Then P is a conditional expectation and, since <f> is a-invariant, Pa, = a,P for every t E G. By Theorem 3.2 there exists a conditional expectation of C*(G, A, a) onto the C*-subalgebra C*(G) of C*(G, A, a). where (/, a) is the value of the character o at t. Then âa can be extended to a *-automorphism of C*(G, A, a) and, denoting it by the same symbol â", â: G -» Aut(C*(G, A, a)) is shown to be a strongly continuous homomorphism (Takai [15, pp. 30-31] ; cf. Pedersen [11, 7.8.3] ). (C* (G,A, a) , G, a) is called the dual C*-dynamical system of (A, G, a).
Corollary 3.5. Let (A, G, a) be a C*-dynamical system with A unital and G abelian. Then there exists a conditional expectation of C* (G, C*(G,A, a) , a) onto C*(G, C*(G), à).
Proof. By Corollary 3.4 there exists a conditional expectation P of C*(G, A, a) onto C*(G). In view of the construction of P, it is easy to see that â0P = Pâa for all a E G. Hence, by Theorem 3.2 there exists a conditional expectation of C*(G, C*(G, A, a), â) onto C*(G, C*(G), â). 4 . Projections in C*-crossed products with discrete groups. We now treat the case where G is discrete. The following theorem is essentially due to Zeller-Meier [20] . (njx*x)r1<t>, %) = <i»((x*x)(e)) > <b(x(e)*x(e)) = <¡>(P(x)*P(x)).
This implies that ||F(x)|| < ||x||r (the norm of x in C*(G, A, a)) and P extends to a conditional expectation of C*(G, A, a) onto A.
(ii) By the correspondence a^8ea (a E A), A is also a C*-subalgebra of C*(G, A, a) [20, p. 146 ]. Since ||x||r < ||x|| for any x £ L\G, A), P in the proof of (i) can be extended to a conditional expectation of C*(G, A, a) onto A. Acknowledgements. I wish to express my gratitude to Dr. M. Ozawa for inspiring discussions in preparing this paper. I also wish to express my sincere appreciation to Professor H. Umegaki for his advice and encouragement.
